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Resume 



On considere une equation aux derivees partielles stochastique possedant une non-linearite de 
type logarithmique (ou une puissance negative), avec une reflexion en zero sous la contrainte de 
conservation de masse. L'equation, dirigee par un bruit blanc en espace et en temps, contient un 
double Laplacien. L'absence de principe de maximum pour le double Laplacien pose des diflicultes 
pour I'utilisation d'une methode classique de penalisation, pour laquelle une importante propriete 
de monotonie est utilisee. Etant inspire par les travaux de Debussche et Zambotti, on emploie une 
methode basee sur les equations en dimension infinie, utilisant I'approximation par des equations 
regulieres et la convegence des semi-groupes de transition lies aux equations regularisees. On 
demontre I'existence et I'unicite de solutions pour des donnees initiales positives, et on donne 
plusieurs resultats sur les mesures invariantes et les mesures de reflexion. 



Abstract 

We consider a stochastic partial differential equation with logarithmic (or negative power) nonlin- 
earity, with one reflection at and with a constraint of conservation of the space average. The 
equation, driven by the derivative in space of a space-time white noise, contains a bi-Laplacian in 
the drift. The lack of the maximum principle for the bi-Laplacian generates difliculties for the clas- 
sical penalization method, which uses a crucial monotonicity property. Being inspired by the works 
of Debussche and Zambotti, we use a method based on infinite dimensional equations, approxima- 
tion by regular equations and convergence of the approximated semi-group. We obtain existence 
and uniqueness of solution for nonnegative intial conditions, results on the invariant measures, and 
on the reflection measures. 

Introduction and main results 

The Cahn-Hilliard-Cook equation is a model to describe phase separation in a binary alloy (see [6], 
[7] and [8]) in the presence of thermal fluctuations (see [11] and [2.j]). It takes the form: 

[ Wu- = = V(Au) • V, on dn, 

where t denotes the time variable and A is the Laplace operator. Also u £ [—1, 1] represents the 
ratio between the two species and the noise term accounts for the thermal fluctuations. The 
nonlinear term ip has the double-logarithmic form: 

, /l + m\ , , 

If} : u in [ — Ku. (0.2) 

\l-uj 

The deterministic equation has been extensively studied flrst in the case where ip is replaced by 
a polynomial function (see [7], [2-5] and [30]) and then for non smooth (see [■">] and [15]). Fur- 
thermore, this model has been used successfully for describing phase separation phenomena, see 
for example the survey [29], and the references therein, or others recent results on spinodal decom- 
position and nucleation in [1, 4, 23, 27, 28, 33, 34, 35]. In the polynomial case, the concentration 
u is not constricted to remain between —1 and 1 and the logarithmic nonlinearity might seem 
preferable. 

Up to our knowledge, only the polynomial nonlinearity has been studied in the stochastic case 
(see [2, 3, 9, 10, 12, 18]). This article is a step toward the mathematical comprehension of the full 
model with double-logarithmic term and noise. We consider the one dimensional case and consider 
a nonlinear term with only one singularity. Clearly, due to the noise, such an equation cannot have 
a solution, and a reflection measure should be added to the equation. Thus the right stochastic 



equation to study is: 



dtX = --a{ax + f{x) + T]) +dgW, with e e [o,i] = n, 

^ ^ ' (0.3) 

VX • = = V(AX) • V, on 

where / is defined below, and where the measure is subject to the contact condition almost surely: 

y XdT] = 0. (0.4) 

Stochastic partial differential equations with reflection can model the described problem or the 
evolution of random interfaces near a hard wall (see [21] and [38]). For other results on fluctuations 
of random interfaces, see [22]. For a detailled study of the contact set {(i, 6*) : X{t,d) ~ 0} and 
of the reflection measure rj, see [14], [36] and [37]. The equation (0.3) has been studied when no 
nonhnear term is taken into account in [16]. In this paper, the authors have introduced various 
techniques needed to overcome the lack of comparison principle for fourth order equations. Indeed, 
the case of a second order equation was studied in [31] where an extensive use of monotonicity is 
used, as well as in all the articles treating with the second order case. 

This article is in the spirit of [37] where a nonlinear term is taken into account for the second order 
equation. We study existence and uniqueness of solution for equation (0.3) with / of the form: 

\ f I \ / -Ina;, for all a; > , , 

f[x):^fM--=[ forallx<0, ^^'^^ 

or for a > 0: 

fi \ f I \ / ^ for all X > , . 

.f{x):=Ux):=^^^^ forallx<0. ^^'^^ 

Moreover we characterize the case when the measure 77 vanishes. Our method mixes ideas from 
[16] and [37]. Additional difficulties are overcome, the main one being to understand how to deal 
with the nonlinear term. Again in [37], this term is not difficult to consider thanks to monotonicy 
arguments. 

Our main results state that equations (0.3), (0.4) together with an initial condition have an unique 
solution (see 2.1 and 2.2). It is constructed thanks to the gradient structure of (0.3) and Strong 
Feller property. Furthermore, we prove that the measure rj vanishes only for / described in (0.6) 
with a > 3 (see 3.4). 



1 Preliminaries 



1.1 Notation 

We denote by (•, •) the scalar product in i^(0, 1): 



for all h,ke L^{0,1) {h,k) = [ 

Jo 



h{e)k{e)de. 



We denote by A the realization in L^(0,1) of the Laplace operator with Neumann boundary 
condition, i.e.: 

D{A) = Domain oiA = {he W'^''^{<d, 1) : h'{Q) = h'{l) = 0} 

where the space M^^'^(0,1) is the classical Sobolev space. Below we use the notation W^^'^ and 
||.||vK".p to denote the Sobolev space W"''^{Q, 1) and its associated norm. Remark that A is self- 
adjoint on i^(0, 1) and we have a complete orthonormal system of eigenvectors (ej;)igN in ^^(0, 1) 
associated to the eigenvalues A; := (— (i7r)^)igN where we define: 

eo(6l) = 1, 6,(6*) = V2cos(i7r6l), for all i G N*, for all 9 G [0, 1]. 

We denote by h the mean oihe L2(0,1): 

1 

h{e)de = (/i,eo). 

Jo 

Then we define for all c G M : 

Ll = {/iG i^(0, 1) -.h^c], 

and ~ i^(0, 1). We remark that (— A)^^ : Lq ^ Lq is well defined. We denote by Q this 
operator. We can extend the definition of Q to L^(0, 1) (we denote this operator Q) by the 
formula: 

Qh = Q{h -h) + h, for all h G L^{0, 1) 
For 7 G M, we define {—A)'' by setting 

+ 00 -t-oo 



—Ayh = ^^(— Ai)'''ft.iei, when h = hiCi 

The domain of {-Ay^'-" is 

D{i-Ay/^) = {h = Y^ Ke, : ^(-A.^/i? < +oo}. 



1=1 i=0 



+ 00 -\-QQ 



i=0 

It is endowed with the seminorm 



+00 \ 1/2 

2 1 



and with the norm 

ll/.ll,=(H^+p)^/^ 

associated to the scalar product defined for all /i, fc G by (/i, k)^. 

For 7 = —1, y_i = Z3((— ^)^^/^) is the completion of the space of functions h & such that 

{Qh,h) ^ {Q{h~h) + h,h) = {{-A)-^(h-h),h-h)+h'^ 

^ {{-Ar'/\h-h),{-Ar'/'{h-h)) 

= + /l^ < +0O. 



To lighten notations, we set (•,•) := {■,■)-! for the inner product of V-i. The average plays 
an important role and we often work with functions with a fixed average c £ M. We define 

He = {h e H,h = c} for all c e R. We set 

D{B) = W^^\0, l),B = -g^,D{B*) = W''\0, 1) and B* = - — . 

We remark that BB* = —A. Finally, we denote by 11 the orthogonal projector of V-i onto Hq. 
We have: 

n-.V^i ^ Ho _ 

h i-^ h — h. 

Notice that 11 is also an orthogonal projector of onto Lq. Moreover: 

- AQh ^ nh, for all h e L^{0, 1). (1.1) 

We denote by Bb{Hc) the space of all Borel bounded functions and Cb{Hc) the space of continous 
bounded functions. We set Og.t ■= [s, t] x [0, 1] for s, t G [0, T] with s <t and T > 0, and Ot = Oo,t 
for < t < r. Given a measure C on Og^t and a continuous function v on O^,*, we set 

In order to solve the equation (0.3), we use a Lipschitz approximation of this equation. We denote 
by {/"}n6N the sequence of Lipschitz functions which converges to the function / on (0,+oo), 
defined for ti S N by: 

r{x) := f{x+ + l/n), for all x e M. 
When / = /in is the logarithmic function (0.5), we use the following positive antiderivative of 

rn rn 

~J — ^Jln 

F'\x) = F{}^{x) := {x + l/n) \n(x^ + l/n) - x+ + 1 - l/n, for all x E R, 
and the following positive antiderivative of — / = —/in defined only on R''' by: 

F{x) = Finix) := X \n{x) - .t + 1, for all xeR+. 
When / = /a is the negative a-power function (0.6) with a ^ 1, we use the following antiderivative 

of -/" = -f: 

(r+ 4- 1 /n)^~" 

F"(x) = F^{x) := ^ + n"x-, for all xeR, 

a — 1 

and the following antiderivative of — / = — fa defined only on by: 

x^~" 

F{x) = Fa{x) := -, for all x e IR+. 

a — 1 

Finally when a = 1, we use the following antiderivative of — /" = — /^ 

F"(a;) = F/^{x) := - ln{x+ + l/n) + nx.- , for all xeR, 
and the following antiderivative of — / = — /„ defined only on by: 

F{x) = Fa{x) := - Inx, for all x e M+. 
We use the notation /, /",F, i^" when the result holds both for /in and /„. Otherwise we use 

fin 5 fin 1 P\n, F^j^ OT /q , /„ , Fa , F^ . 

With these notations, we rewrite (0.3) in the abstract form: 

dX ^ + Af{X))dt + BdW, 

X{0,x) =x ior X e V-i. 

Finally, in all the article, C denotes a constant which may depend on T and a and its value may 
change from one line to another. 



1.2 The linear equation 

The linear equation is given by 

1 



dZ{t, x) = -^A^Z{t, x)dt + BdW, for all t S [0, T], 



Z{{), x) = X. 
where x £ V-\. We have 



Jo 



As easily seen this process is in C([0, +oo[; i^(0, 1)) (see [13]). In particular, the mean of Z is 
constant and the law of the process Z(t, x) is the Gaussian measure: 

Z(t, x)^JV{e-'^"/^x,Qt), 

where 

Qt = /* e-'^"/^BB*e-'^"^^ds = {-A)-\l - e^*^'). 
Jo 

□ 

If we let t +00, the law of Z{t, x) converges to the Gaussian measure on L^: 

fic ■= A/'(ceo, Q), where c ~ x. 

Notice that the kernel of Q is {teo, t e M} and fic is concentrated on L^. It is important to remark 
that the measure fic is linked to the Brownian motion. Indeed, let (Be)eg[o,i] be a Brownian 
motion, then the law of Yc{9) = 'B{d) — B + c is /ic (see [16]). 

1.3 Lipschitz Approximation 

For n G N, we study for the following Lipschitz approximation of (1.2) with an initial condition 
X e V-i: 

rfX" + -{A^X" + Ap{X''))dt = BdW, 

2 (1.3) 

X"(0,a;) =x. 

We prove existence and uniqueness of solution in a suitable space for the equation (1.3). We 
then follow standard arguments to show existence and uniqueness of an invariant measure for the 
equation (1.3) with fixed n e N, and the strong Feller property of the semigroup. First we have to 
define the definition of a weak solution to (1.3). 
We say X" is a mild solution of (1.3) if it is satisfied for all <: > 0: 

X''{t,x) = Z{t,x)~ Ae-'^'-'^^'/^r{X''{s,x))ds. (1.4) 
Jo 

Lemma 1.1 Fix n G N, < e < 2/3 and p = 4(1 — e). For all x £ i^(0, 1) there exists a unique 
adapted process X" £ C{[Q,T];V-i) n L'^{[0,T]; L^{0,1)) solution of equation (1.4). Moreover for 
all t > 0; 

(X"(i,x),eo) - (x,eo). (1.5) 
Proof : The proof is classical and left to the reader. It is based on the following inequalities 

||(-A)i/2e-*^'/2/i||o < C\\h\\nt~^/\ t > 0, h £ (1.6) 
Pe-*^'/2/i||o < C||/l||o^-l/^ t>0, h£L^ (1.7) 
\\e-'^'/^h\\o < C\h\^it-^/\ t>0, h£L\ (1.8) 



□ 

It is also standard to prove 

Lemma 1.2 For n eN and c e K, for all t > 0; 

<cxpH7rV2)|x-j/|_i, for all x,y e Ll (1.9) 
Proof : We consider for iV e N and x, y <E the process : 

N 

S^{t,x,y) = -X"(t,y),e^)e„ for all t > 0. 

i=0 

then t h-> 5*^(^,0;,?/) is with values in a (A^ + l)-dimensional subspace of D{A) such that 

n5^(i, X, y) = a;) - y), e,)ne, + :r) - X"{t, y), eo>neo 

1=1 

N 

= ^(X"(i,x)-X"(t,2;),e.)ei 

i=l 

= 5^-(X"(t,.T)-X"(t,j/),eo)eo. 
And by (1.5) and since x and y are in 

(X"(i, x) - X"(i, y), eo) = (a; - 2/, eo) = 0. 

By (1.1) we have -AQh = nh for all h € L^(0,1), then -AQS^ = . Using the spectral 
behavior of A given in section 1, we have the following computation: 

j^\S^{t,x,y)W = j^{QS^{t,x,y),S''{t,x,y)) 
= 2{j^S^it,x,y),QS''{t,x,y)) 

= {-A^S''{t,x,y),QS''{t,x,y)} 

+ (-A(r(X"(t, x)) - /"(X"(t, y))), Q5^(i, X, y)) 

= (A5^(t,.T,2;),5^(i,x,y)) 

+ (r(X"(t, x)) - nx^it, y)), 5^(t, X, y)) 

< -7T^\S''{t,x,y)W 

+ {nX'\t, x)) ~ nX'^t, y)),S^{t, X, y)) 

This differential inequality implies : 

\S^{t, X, y)W < e-*-' \x - yW + f e'^*-^)-' (/" (X"(s, x)) - f\X^\s, y)), 5^(s, x, y))ds. 



Moreover by letting ^ +c» we have |S'^(i, a;, ^ \X"{t,x) - X"(t,y)|?^i, and since /" is 

monotone non-increasing we obtain 

(/"(X" (s, x)) - nX^is, y)), S^{s, X, y)) 

~2 {r{X-{s, x)) - r{X^\s, y)), X-{s, x) - X^is, y)) < 0. 

Then the Umit of the integral is nonpositive, and we obtain the expected inequaUty (1.9). 



□ 

It is classical that X" G C([0, T];V^i) n ^^([0, T];L^{0, 1)) satisfies (1.4) if and only if it is a weak 
solution of (1.3) in the sense 

Definition 1.1 ForneN,0<e< 2/3 and p ^ 4(1 -e), let x £ C([0, 1],IR+) withx> 0. We say 
that iX^''(t,x))t^[f)T], defined on a stochastic basis linked to (W^(i))te[o t], is a solution to (1.3) on 
[0,T]if: 

(a) almost surely X'\-,x) e C([0, T]; F_i) n i''([0, T]; ^^(o, 1)), 

(b) for all h e D{A^) and for allO<t<T : 



(X"(t,a:),/i) = {x,h)- {X''{s,x),A^h)ds 
t ° 

- / (yl/i,/"(X"(s,a;)))ds- / {Bh,dW). 



We now describe an important property of equation (1.3). It can be described as a gradient system 
in V-i with a convex potential, and can be rewritten as: 

dX" - -A{^AX'' + \/U'"{X'^))dt = BdW, 

2 (1.10) 

L X"(0,a;) = x e £^(0,1), 
where V denotes the gradient in the Hilbert space L^(0, 1), and : 

[/"(x) := / F'^{x{e))de, .tGL2(0,1). (1.11) 

Notice that yU"'[x) = —/"(a;) which is dissipative, then [/" is a convex potential. Finally, we 
define the probabilty measure on L^: 

v:{dx) = ^ cxp(-[/"(x))A.e(dx), (1.12) 

where is a normahzation constant. By Lemma 1.2, we easily obtain that the equation (1.3) 
in He has a unique ergodic invariant measure and it is not difficult to prove that this measure is 
precisely . Since the potential C/" is convex, we can prove that the transition semigroup is strong 
Feller. Let (P"'^)„gN be the sequence of transition semigroup for an initial condition in He such 
that 

P^^''(j){x) = E[<^(X"^"(t, x)], for alH > 0, a; e H^ G Bb{Hc) and n G N*, 
where X"'^(i,a;) is the solution of the equation (1.10). 

Proposition 1.1 For abitrary T > 0, there exists a constant Ct > such that for all 4> G l3b{Hc), 
for alln eN and for all t G [0, T] : 

\Pl'^-4>[x)-P'^^^{y)\<^U\U\\x-y\U, for allx^y^He. (1.13) 

Proof : We now consider the following process : 

Hq Ho 
X ^ A'"^"(t,x) =X"(t,x + ceo)-ceo 

which solves the following equation : 

I dA'"''^ - ^A{-AX'^'' + VC/"(ceo + X"'''))dt = BdW, 
1 A'"^=(0,x) = x G Hq. 



This equation describes a gradient system in Hq with non-degenerate noise and with a convex 
potential. We fix c > and n € N, and denote T'"'^ the markov transition semigroup defined by : 

Vt'^^pix) = E[V7(A'"^^(t, x))l for all t > 0, for all x G Hq, for all ^ e Bb{Ho). 

For all c G M, for all x e He and tJj G Bb{Ho), if we set 

(I): He M 

u i-^ — ceo), 

we have the following equality: 

prV'(x-ceo)=Pr^(cc). (1.15) 
Then for all c G R, for all x G He and tjj G Bb{Ho), the following Bismut-El worthy formula holds: 

1, 



DV"''^'ip{x — ceo) • ^ 



Then by (1.14) and (1.16), 



t 



?A(A'"'"(t,x-ceo)) / ((L»A'"'"(s,x-ceo) •/i),dW^) 



(1.16) 



\\DX'''''{s,x) ■ hf_^ds 



(1.17) 



Let X and y be arbitrary elements in He, then by the mean value theorem, for a(jj) G [0,T] 

P,"'^0(x) - PrHy) = i?Pr''</'(2; + 'T(y)(x - y)) ■ {x - y). (1.18) 

We use an estimate on \\DX"''^{s, x + a{y){x — y)) ■ {x — y)\\ti, (1-17) and (1.18), and we have the 
expected result for all x, y G He 



, ^{x)-Prct^{y)\<^U\U\x-y\\H. 



□ 



As usual some computations below are formal and would be difficult to justify rigourously in our infinite 
dimensionnal setting. However the final result is easy to justify by Galerkin approximation (see [12], section 3.2). 



2 Solutions of equation with a reflection measure 

For all n e N we have a unique solution X" of (1.3). We want to know if these solutions converge 
to a solution of the equation (0.3). First we describe the definition of a weak solution for (0.3) : 

Definition 2.1 Let x eC([0,l],M^) andx> 0. We say that ({X{t,x))^^^i^rpT^,ri,Wj, defined on 



the initial condition x if: 
(a) a.s. XeC(]0,T] X [0,l];M+)nC([0,r];F_i) andX{0,x)=x, 

(h) a.s. T] is a positive measure on (0, T] x [0, 1], such that ii{Os,t) < +oo for all S e (0,T], 

(c) W is a cylindrical Wiener process on L^{0,1), 

(d) the process {X{-,x),W) is {J- 1)- adapted, 



Finally, a weak solution {X,r], W) is a strong solution if the process t ^ X{t,x) is adapted to the 
filtration t ^ a{W{s,.),s & [Q,t]) 

Remark 2.1 In (f), the only term where we use the function f is well defined. Indeed, by (e) we 
have f{X{-,x)) € L^{Ot) and by Sobolev embedding Ah <E D{A) C L°°{Ot). Hence the notation 
(•, •) should be interpreted as a duality between L°° and . 

2.1 Pathwise uniqueness 

We want to prove that for any pair (X', rf , W), i = 1,2, of weak solutions of (0.3) defined on the 
same probability space with the same driving noise W and with Xq ~ X^, we have [X^ ,r^) = 
{X'^,'rf). This pathwise uniqueness will be used in the next subsection to construct stationary 
strong solutions of (0.3). 

Proposition 2.1 Let x G C([0, 1],M^) with x > 0. Let (X', 77', M^), z = 1,2 be two weak solutions 
of (0.3) with X^=x = Xl Then {X\r]^) = {X\ff). 

Proof : We use the following Lemma from [IG]. For the sake of completeness, we recall the proof. 

Lemma 2.1 Let Q be a finite signed measure on Os,t, V E C{Os,t) and c > 0. Suppose that: 
i) for all r G [5, T], for all h e C([0, 1]), such that h = 0, {h, ClOrT — 0; 
a) for all r e [5, T], V{r,-) = c with {V, C)o,.,t = 0, 
then C is the null measure. 




(e) a.s. f{Xi-,x))eL\OT), 

(f) for all h e D{A^) and for all < S < t < T : 




(g) a.s. the contact property holds : supp{r/) C {{t,0) G Or / X{t,x){9) = 0}, that is. 



Proof : Let k G C([0, 1]). Since C is a finite measure, by i) we obtain for all (S < s < t < T: 

{k, Oo.,. = (fc, Oo.,. = fcC(a,t), for all k e C([0, 1]). 
This implies C can be decomposed as C = j(^d6, where 7 is a measure on [0, T]. By ii), we obtain: 

= {V, Oo., = / ( ^(^' = ^])- 

We conclude that for all (5 < s < i < T, 7([s, t]) = 0, since c > 0. Thus C is the null measure. 

□ 

We now prove the proposition. Let Y(t) ~ X^{t,x) — X'^{t,x) and C = ^7^ ~ V^^ ^ is the solution 
of the following equation: 

dY = {A'Y + A{f{X^) - f{X'))) dt, 

2 (2.1) 

y(o) = 0. 

We consider now the following approximation of Y : 



n=0 i=0 

Since Y is continous, then Y^ converges uniformly to Y on Ot- Notice that for all i > 0, the 
process 1 1-^ {Y{t), e^) has bounded variation, and in particular the process t ^-> Y^ (t) has bounded 
variation as process with values in a finite-dimensional subspace of D{A). Taking the scalar product 
in V^i between Y and Y^ , we obtain: 

d(Y, Y^) = 2{Y^, dY) = - (r^, A^Y + A{f{X^) - f{X^)) + AC) dt, 

(2.2) 

(r,y^)(o) = 0. 

Moreover for all t > 0, {Y{t), cq) = 0, so IlY^{t) = F^(t). So we have for all < (5 < < < T: 
{Yit),Y^{t)) = {Yi6),Y^{S))+ [\AY^is),Yis))ds 



+ / {Y^{s),fiX\s,x))-fiX\s,x)))ds + {Y^{s)X)o,, 

J 6 

{Y{5),Y''{5))--Y,Y.^^^)' / {Y{s),e,)^ds + {Y''{s)X)o,, 
+ ]^EE / {Y{s,.),e,){f{X\s,x))-f{X\s,x)),e,)ds 

n=0 1=0 



< 



{Y{S),Y^{S)) + {Y^{s),C)o, 

N n t 



]vEE/ {Y{s,.),e,){f{X\s,x)) - f{X'is,x)),e,)ds. (2.3) 



For all s <E [S,t], 

N n 



n=0 i=0 
N n 



n=0 1=0 

= {Y^is) Yis)JiX\s, x)) fiX^s, x))) 

< |ly^(s)-y(,s)iU^([o,i])|l/(Xi(s,a;))-/(X2(s,x))|Ui([o.i]), 



where || • ||i~([o,i]) and || • ||li([o,i]) are the classical norm on the space [0,1]. The latter term 
converges to zero since Y'^ (s) converges uniformly to Y{s) on [0, 1]. Taking the negative part, we 
have by Fatou's lemma: 

N^'^'+l f (^EE™>e.)(/(Xi(.s,x))-/(X2(s,x)),e.) ) ds 

"^JS \ n=Oi=0 ) 

> /'*iimm^(l^f](yGs),e,)(/(Xi(s,x))-/(X2(s,x)),e.)) ds 



5 



{{Y{s),f{X\s,x))- f{X'\s,x)))) ds 



0, 



since / is nonincreasing. Taking the limit in (2.3) as N grows to infinity, we obtain by the contact 
condition 



\Ym-i-\\Y{S)\\l, < (r,c) 



< 0. 



Letting <5 ^ 0, we have Y{t) = for alH > and X^{t, x) X'^{t, x) for all t > 0. Moreover, with 
the definition of a weak solution, we see that : 

for all h e D{A^), {Ah,C)o,,^^- 

By density, we obtain ( and V = X^ = X^ satisfy the hypothesis of Lemma 2.1, and therefore C 
is the null measure, i.e. 77^ = ■ 

□ 

2.2 Convergence of invariants measures 

Let : 

K = {x € L'^{0,l),x>0}, 
then we know that fic is the law of = B — B + c. We remark the following inclusion : 

{Be G [-c/2,c/2], for all 6 G [0, 1]} C {y" G K}, 

therefore ^ic{K) > with c > 0. Let us define U the potential associated to the function /. If 
/ = fin is the logarithmic function, U is defined by: 



Uix) = Uinix) := 



I Fin{x{d))dd ifxGK, 
Jo 



+00 else. 



If ./ = fa is the negative a-power function, U is defined by: 



Uix) - Ua^ix) 



F^{x{9))d9 if / F^{x{9)) 

JQ 

+00 else. 



d9 < +00 and x G K, 



Remark 2.2 Note that, for a < 1, Fa(x(9)) = ^ — ^{^Y Holder inequality: 

1 — Q' 

1 

\Fo,{x{e))\d9 < +00, for all x G K. 



We have the following result : 
Proposition 2.2 For c > 0, 



i^" ^ i^c ^ exp ^'^^^ tx^MtJ-cidx), when +00, 

where Z^. is a normalization constant. 

Proof : Let 1/) G C°(L^,R). We want to prove that 

ip{x)exp{-U"{x))^ic{dx) — > / ip{x)exp{-U{x))t:x(zKfic{dx). (2.4) 

Case 1 / = /in is the logarithmic function. 
We have that for a fixed x & H, 

exp(-C/"(x)) exp(-f/(x))l,6K. (2.5) 

n — >+oo 

Indeed, for all x ^ K there exists > small such that \{{6 e [0, l]/a;(0) < —Sx}) > and we 
have: 



K(x(0))l{,<o}de > / K(a;(0))l{,<_5^}d0 > 0, for all n > 1. 
Jo 

Then, since i^jjj is nonincreasing on (— oo,0): 

< exp(-C/i"„(x)) < exp ( - FMe))^,^_s^yd0) 

< exp(-^'K(-4)l{,<_,^}d0) 

< exp ( - F,li-Sx)X{{x < -<5J)) 

< exp(((l/?i-(5,)ln7i - l + l/n)A({.T < -4})). 
And this latter term converges to zero as n grows to infinity. 

Now for X £ K, F{^{x{9)) converges to F\n{x{0)) almost everywhere as n grows to infinity. Moreover 
F^{x{9)) < tx<i + F^^{x{9))lx>i, and the right-hand side is clearly integrable. By the dominated 
convergence Theorem, we deduce (2.5). 

Since > 0, (2.4) follows by dominated convergence Theorem. 
Case 2 / = /q is negative a-power function. 

For a fixed x € L^, the potentials are increasing as n grows to infinity, we deduce: 

exp(-C/^(x)) < cxp(-;7^(x)), for all n > 1, for all x e L^. (2.6) 
The right-hand side is integrable on H, thus it suffices to prove that for a fixed x £ H, 



where 



exp{~U^{x)) eM-Ua{x))txGK, (2.7) 

71 — ' + 00 

expi-U^{x))lxeK = I ^'^P(-^"(^)) if / dO < +00 and x e K, ^^.g) 

[ else. 

For X ^ K, there exists Sx > small such that \{{0 G [0, l]/x{9) < —6x}) > and we have: 
forallneN*, / F^{x{9))l{x<o}d0 > [ F:^{xid))l[x<-s^}d9 > 0. 



Then 

= cxp(-F;'(-4)A({x< -4})). 
And this latter term converges to zero as n grows to infinity. Thus (2.7) holds. 

For X e K, such that / \Fa{x{0))\ dO < +00, F^{x{9)) converges almost everywhere to Fa{x{6)) 
Jo 

as n grows to infinity. Moreover F^{x{0)) < F^{x{e)) < Fa{x{e)) for all 9 e [0,1], and by the 
dominated convergence Theorem (2.7) holds. 

If / \Fa{x{d))\ d6 ~ +00, necessarily a > 1. For a > 1, -F" > and (2.7) follows from monotone 
"'0 

convergence. If a = 1, we write 

' F^{xi9))d9^ C F2{x{9))t^^e)<i/2d9 + F^{x{9))l,^e)>i/2d9. 
Jo Jo 

The first term converges to / i^ct(a;(0))lj;(e)<i/2 by monotone convergence, and the second term 
1 

converges to / Fa{x{9))tx(g)<:i/2 by uniform integrability. We have proved that (2.7) always 
Jo 

holds, (2.4) follows. 

□ 

2.3 Existence of stationary solutions 

In this section, we prove the existence of stationary solutions of equation (0.3) and that they are 
limits of stationary solutions of (1.3), in some suitable sense. Fix c > and consider the unique 
(in law) stationary solution of (1.3) denote X" in He. We are going to prove that the laws of X" 
weakly converge as n grows to infinity to a stationary strong solution of (0.3). 

Theorem 2.1 Let c > and T > 0. Almost surely X" converges as n grows to infinity to a 
process in C{Ot)- Moreover /(Xc) G L^{Ot) almost surely, and setting 

dr]"" = /"(l,"(i, 9))dtd9 - f{Xc{t, e))dtd9, 

then {X^ ,r]^\W) converges in law to {Xc,r],W) stationary strong solution of (0.3). 

The proof of 2.1 requires arguments that differ significantly in the logarithmic case and in the 
negative a-power case. We thus have chosen to do two separated proofs. Some arguments however 
are similar and are not repeated. 
Proof in the logarithmic case: 

The proof is splitted in 4 steps. In step 1, assuming that a subsequence of X" converges in law. 
Its limit Xc is shown to satisfy fin{Xc) € L^{Ot) almost surely. Then in step 2, under the same 
assumption as in step 1, we prove that up to a further extraction the measures ry" converges to a 
positive measure 77 and that {Xc,ri) is a weak solution in the probabilistic sense. It then remains 
to prove tightness of X" in step 3 and to use pathwise uniqueness to conclude in step 4. 
Step 1. 

Let us assume that {n}^)km is a subsequence such that (X"'=)„gN converges in law in C(Ot) to a 
process Xc. 

By Skorohod's theorem, we can find a probability space and a sequence of processes (y'^, W'")fegN 
on that probability space such that {V'' (F,>V) in C[Ot) almost surely and [V'' ,W'^) has 
the same distribution as {X^*' ,W) for all A: S N. Notice that V > Q almost surely since for all 



t < T the law of V{t, .) is Vc which is concentrated on K. Let now ^'^ and p'^ be the following 
measures on Ot- 

de := fl%v\t,e))ty.^,dtde, 

and 

dp'' -.^ fZ{V\t,B))tv^>^dtde. 

i2n 



Let y e ^(A) with y = 0, taking h € D{A ) such that y = A/i as a test function in (b) of Definition 
1.1, we deduce that, for all < t < r,(?/,^''' + p'')^^ has a limit when n +oo. Moreover by the 
uniform convergence in C{Ot) of V'' to we have 

fu,HV''{t,0))lv^>i ^ fin{Vit,0))lv>i, for all gOt, (2.9) 

A;— > + oo 

and the convergence is uniform. We obtain for all < i < T and for all h G D{A): 

{h,p'')o ^ / h{0)f,n{V{s,e))tv>idsd9. (2.10) 

Note that fin{x)tx>i is a continuous function so that /in(^)ly>i G L^{Ot)- Moreover, for any 
y e D{A) with y = 0, for all < i < T, 

{yT^^)ot ^ limit when k +cg. (2.11) 

Notice that almost surely: 

C(F'=(<,0))iv.<i^-^^| ifF(J;^)|(M]. (2-^2) 

Thus the limit of this term is not trivial. Let us now prove that the total mass ^"(Ot) is bounded. 
We use the following Lemma whose proofs is postponed to the end of this section. 

Lemma 2.2 Let T > 0, and {/i'^jfceN be a sequence of finite positive measures on Ot- Suppose 
there exists {lu'^jfegN a sequence of functions inC{OT) such thatw^ converges uniformly to w, when 
k grows to infinity. Suppose also there exist a function Mt '■ C{Ot) K"*" and two nonnegative 
constants niT and ct such that 

for all h e D{A) such that h = 0, {h, ^j^) < Mt(^), for all keN, (2.13) 

for all teOr, f w{t, e)d9 = ct > (2.14) 
Jo 

and 

K'M')o, <"^T. (2.15) 
Then there exists a constant Mt such that 

for all heC{OT), (h, p'') < MT\\h\\oc, forallkeN. (2.16) 

and in particular ^^{Ot) is hounded uniformly for fc e N. 
Let us denote by : 

MT{h)^snv {h,e) (2.17) 
km ^ 

for h € D{A) such that /i = 0. By (2.11), we know that Mt is well defined. Moreover we have 

((^')^>?')o.= / {v\t,e))+fii^{v\t,6))ty.^,dtde. (2.18) 

JOt 

Since {x)'^ f^^^ {x)tx<i is uniformly bounded in fc S N, there exists a positive constant rriT such 
that 

{{V''r.e)o<^T. (2.19) 



Since V is almost surely positive, {V'')'^ converges uniformly to V and V{t, .) = ct > for all 
t e [0,T]. We use Lemma 2.2 and obtain limsup^''(C>T) < +00. 

k — ' + 00 

Thanks to Fatou Lemma, we can write : 

/ [hn{V{s,0))lv<i]dsd9 ^ f \immi[f;^^''{V''{s,e))ty.<,dsde] 
Jot Jot 

< liminf / \f'''{V^{s,9))tv>^<i]dsde (2.20) 

< +00. 

It follows that almost surely /in(^) £ L^iOr)- 

□ 

Step 2. 

We again assume that we have {nk)k&i a subsequence such that converges in law to 

a process Xc- Again, by Skorohod's theorem, we can find a probability space and a sequence of 
processes {V'',W'')keN such that almost surely (V'', W'') (V, W) in C(Ot) as k grows to infinity, 
and (F^>V'') has the same distribution as {X"'' , W) for all k G N. 

By step 1, the total mass £,^{Ot) is bounded and there exists (nfe^JmsN a sub-subsequence such 
that the measures 

:=C'"(F^-'"(t,0))lv.,„<idtde 

converge to a measure ^. 

We denote by A the following measure: 

d\:= fUV{t,e))tv<idtdO, (2.21) 

and C™ := — ^- Thus C™ converges to the measure C, ^ — X. Let u be a continuous 
nonnegative function on Ot, we have 

(u,C)o = lim {u,C)o 

And this is positive, thanks to (2.20). Therefore C is a positive measure. Taking the Hmit as 
m grows to infinity in the approximated equation, we obtain that for all h e D{A'^) and for all 
< t < T: 

{v{t,.),h) = {x,h)-[ v{s,e)A^h{0)dsde~ [ fin{v{s,e))Ah{0)dsd0 

Jo, Jot 

-{Ah.Oo - f{BKdW). 
' Jo 

This is the expected equation. Let us now show that the contact condition holds for (VX)- We 
prove in fact that for all (3 non negative: 

0<{VX)o^<P- (2-22) 

The key is to study the behavior of (T^'^'" (t, 6'))l\/fcm <i near points {t,0) G Ot such that 
V{t^ 6) is small. Fix /3 > 0, there exists e > such that ~Te hi{e) < (3. Let us define the following 
measures for all m € N. 

dC ■■= (^^''" {t, e))ty.^ ^,dtd0, drl^ := (^"^ (i, 0))t,<v^^ <idtd0, 
dXe finiV{t, 0))lv<edtd0, dr, := /i„(F(t, 9))t,<v<idtd0. 



Clearly t™ converges to r^, it follows 
limsup (y^^,C'') 

m — *+oo 



Ot 



< lim 



limsup((y'^".,e?")o^-(y^-,A,)„^+(l^'='",rr)o^-(l^''-,r,)^J 
limsup (/ V^"^f]'^"-{V^^)tv>^^<edtde-( V^^ fir,{V)tv <edtde\ 
imsup f / F'^-C'" (F'^-)lo<y'=™<srfi' 

71— ^+00 \J Ot 



lim sup 

m — !-+oo \J Oj 



iV'''-)-fln{V)tv<edtde 



Since (l/*"''") converges uniformly to zero, we deduce: 



m— >+oo 









< r lim sup sup 


—X In ^.T 




m— >+oo a;G[0,e] 







< T lim sup — £ In ( e - 

< -reln(e). 



1 



Thus the contact condition holds. 



□ 



Step 3. 

By the convergence of the family (i^")„gN, we know that the initial distribution of X" converges 
to fc- We now follow the same argument as in [16], to prove for all T > 0, the laws of (X")„gN 
are tight in C(Ot)- Fix n> 1 and T > 0, by the Lyons-Zheng's decomposition (see theorem 5.7.1 
in [20]), we can find M'^, respectively N^, two orthogonal martingales with respect to the natural 
filtration of yX^{t)j , respectively the natural filtration of (^X^{T - t))^^^^^, such that for 
all t e [0, T] and for alike H: 



(2.23) 



Moreover, the quadratic variations are both equal to {{M^))t = ((A^''))t = i|ln/i|l^ Let m = 

Q'^~^ei for all i > \. To simplify the notations, we denote and iV* the martingales M"' and 
A^"' defined in (2.23). Then we have: 

"+CXD 



X^{t)^X:{s) 



.1=1 

-t-oc 



2 

-7 



-E 



^1 

,i=l 
^ +00 

Y,\t-s\\\u,w 



< 



1=1 



-7' 



where K--y is the Hilbert-Schmidt's norm of inclusion of V-i in V-^-y which is finite for 7 > 3/2. 
So we have found a constant C > such that for all t^s £ [0, T]: 



E 



< C\t-s\^. 



(2.24) 



Furthermore, for < S < 1/2 and r > I, since X" is a stationary solution, there exists C such 
that for all t,se [0,T]: 



E 



X-{t)~X-is) 



W"5.'-(0,l) 



< E 



E 



< 2 



(2.25) 



since ?7" > 0. And this latter term is finite. 

Let K € [0,1] and set X = kS — {1 — K)-f, - = k — h (1 — k)-. Then by interpolation for all 
t,se [0,T]: 



'E 



l^cii) - 9(0,1) 

X,"(t)-X,"(,s) 



< 



2 












H'«-'-(0,l) 







X,"(t)-X,"(s) 



We use (2.24), (2.25) and Sobolev embedding to conclude. Indeed, for any /? G (0,1/2), we can 
choose 5 € (0, 1/2), 7 > 2, r > 1 and k G (0, 1) such that (A — /3)q > 1. It follows that there exists 
C such that for all s, t e [0, T]: 



E 



x:}{t)-x:}is) 



cf([oa]) 



< C\t 



Finally, we can conclude by the theorem 7.2 in chapter 3 of [19] that the laws of (X")„£n are tight 
in C(Ot). 

□ 

Step 4. 

We use a Lemma in [24]. This lemma allows to get the convergence of the approximated solutions 
in probability in any space in which these approximated solutions are tight. 

Lemma 2.3 Let {Zn}n>i be a sequence of random elements on a Polish space E endowed by its 
borel a-algebra. Then {Zn}n>i converges in probability to an E-valued random element if and any 
if from every pair of subsequences {(Z„i , Z„2 );;>!, one can extract a subsequence which converges 
weakly to a random element supported on the diagonal {{x,y) E Ex E,x = y}. 

For any subsequence {nk)keN, we have convergence of ^'^ to a finite measure ^ on Or along some 
sub-subsequence {km)m<^'N- Let = 1..2 be two such limits. By the second step, and the 
uniqueness of the refiexion measure, we know Ci := ^1 ~ A and C2 C2 ^ A are equals. So the limit 
of (^'^)fcgN is unique, and ^'^ converges to its limit ^. 

Assume {nl)k£n and (ri,J,)fcgN are two arbitrary subsequences. In the notations of the second step 
and by the third step, the process {Xc'°,Xc'',Wj is tight in a suitable space. By Skorohod's 

therorem, we can find a probability space and a sequence of processes {Vi ,¥2 ,yv'') such that 
{V^,V2, W'') (Vi, V2, W) almost surely in C{Ot), and (Vf , K/", W'') as the same distribution as 



Xc^Xc^VK for all k eN. In the Skorohod's space, the approximated measures respectively 
converge to two contact measures Ci and C2- By the second step, (Vi,Ci,yV) and (T^2,C2,W) 
are both weak solutions of (0.3). By uniqueness, necessarily Vi ~ V2 and Ci = C2- Therefore 
the subsequence converges in law to a process supported on 

the diagonal. We use Lemma 2.3 to prove that the sequence (X",77",VF) converges in law to 
{Xc,ri,W) stationary weak solution of (0.3). Moreover by pathwise uniqueness and existence of 
strong solutions, we obtain that every weak solution is also a strong solution. 

□ 

Proof in negative a-power case: 

We again split the proof in four steps. 
Step 1. 

Let us assume that {nk)keN is a subsequence such that (X"'=)„gN converges in law in C{Ot) to a 
process Xc- 

By Skorohod's theorem, we can find a probability space and a sequence of processes {V'^ ,W'')k<£N 
on that probability space such that {V'',W'') -> {V,W) in C{Ot) almost surely and {V'',W'') has 
the same distribution as (^"'' , W) for all k G N. Notice that > almost surely since for all 
t < T the law of V{t, .) is Vc which is concentrated on K. Let now ^'^ be the following measure on 
Ot: 

Let y G D{A) with y = 0, taking h S D{A?) such that y = Ah as a test function in (b) of Definition 
1.1, we deduce that, for all < < < T, 

{y^^^)ot ^ limit when k +co. (2.26) 

Like in the logarithmic case, we now prove that the total mass S,^{Ot) is bounded. Let us denote 
by; 

MT{h)=snv {h,e)o^ (2-27) 
km 

for h G D{A) such that h = 0. By (2.26), we know that Mt is well defined. Therefore by Lemma 
2.2 it suffices to find a function w, such that w{t, .) ~ ct > 0, and a sequence {'w'')keN such that 
for a positive constant my, w'' converges uniformly to w such that 

{w'',e)o^<^T. (2.28) 

Denote by w'' := {{V'')+ + 1/nfe)", it converges uniformly to w := V" . Since w'' f^" (V'' {t, 6)) = 1, 
(2.28) holds with ttit = T. As in the logarithmic case, by Fatou Lemma, it follows that almost 
smely UiV)eL\OT). 

□ 

Step 2. We again assume that we have {nk)keN a subsequence such that {X"'')k£N converges 
in law to a process Xc. Again, by Skorohod's theorem, we can find a probability space and a 
sequence of processes (y'^,W'')keN such that almost surely {V'',W'') iV,W) in C{Ot) as k 
grows to infinity, and (V*^, W'^) has the same distribution as (X"*", M^) for all fc e N. 
By step 1, the total mass ^''{Ot) is bounded and there exists (rife„)meN a sub-subsequence such 
that the measures 

_ f2-"^{v''^-(t,e))iv>.,^^idtde 

converges to a measure 

We denote by A the following measure: 

dX:^ UiV{t,9))dtde, (2.29) 



and := ^™ — A. Thus converges to the measure C := ^ — A. Thanks to Fatou Lemma, C is a 
positive measure. Taking the limit as m grows to infinity in the approximated equation, we obtain 
that for all h e DiA"^) and for all < i < T: 



{V{t,.),h) = {x,h)- V{s,6)A'h{e)dsdd ~ fa{V{s,6))Ah{d)dsde 
Jot Jot 

~{Ah,C)o, - I {Bh,dW). 
Jo 

This is the expected equation. Let us now show that the contact condition holds for {V, C,). 
Case 1 : < a < 1. 

As in the second step of the logarithmic case, fix /3 > 0, so there exists e > such that Te^~" < (i. 
Let us define the following measures for all to € N: 

d^™ := f2'''-{V^"-{t,e))tvi<rr.<edtde, dT^ := f^""' {V^"^ {t,e))t,^v^'mdtde, 
d\e := fc{V{t, e))lv<edtde, dr, faiV{t, e))%<vdtdd. 

Since t™ converges to r^, we have 



limsup C")( 



limsup((y^",4^™)^^-(y'^-,A,)„^+(F^'",rr)o^-(V-^'",r,)^J 



lim sup 



v''"^fa'^-{v''"^)iv^^<,dtde 



V<edtd6 



It follows 



< limsup (/ V^"- fT"^{V^--)tQ<v>'r^<edtdd 



limsup / {V"^)- fc,{V)tv<edtde 

m— »+oo \J Ot 



limsup (V^'''",C")o < T lim sup sup 



m — !-+oo 



< T lim sup 



Thus the contact condition holds. 
Case 2 : a > 1. 

Let 7 > 0, we prove that for all nonegative /3, < {V^'^ ,C)o — ^^'^ conclude that the contact 
condition holds by Holder inequality. 

Fix /? > 0, so there exists e > such that Ts'' < (3. Let us define the following measures for all 
TO G N: 

- f2'"-{v''^{t,e))tv^^<edtde, dr^' := f^""^ {v'''- {t,e))i,<v^^dtde, 

dXe UiVit, e))lv<edtd9, dr, := e))l,<vdtd9. 



Since t™ converges to r^, we have 

m — >-+cxD 



Yn^su^({{v'^-r\er)o.-{{y'-r\K)o 

limsupj / {V'^-^Y^'' ,f2'"''{V^"^)tv>>..<edtde 

m^+oc \ JOt 
\JOt 



m — >+oc 



limsupf/ ((y^™) f^{V)tv<edtd0] 

m—t+oc \J Ot J 



It follows 



limsup ((y 

m — >+oo 



C'")o < riimsup sup 

^ m^+oo a;6[0,e" 



< r lim sup 

m — ^+00 



-Q + 7 



Thus the contact condition holds. 



□ 



Step 3 and step 4 are strictly identical to the logarithmic case and we do not repeat them. This 
ends the proof of Theorem 2.1. Now we give the proof of the Lemma 2.2. 
Proof of the Lemma 2.2 : 

We prove this Lemma thanks to the previous Lemma 2.1. If [^{Ot) is bounded uniformly for 
/c e N, then the constant 



Mt = sup /x''(Ot) 

fcGN 



(2.30) 



satisfies (2.16). Suppose [^(Ot) is unbounded, then there exists fco G N such that i!^{Pt) > for 
all /c > fco, we denote for all k > ko 

:=mV/'(Ot). 

{v^}k>ko is a sequence of probability measure on Ot, and we can extract a subsequence {i'*'"^}m&i 
such that there exists a probability measure v with when m grows to infinity. Therefore, 

by the uniform convergence of 



And by the uniform boundedness in (2.15), we have 



rrLT 



therefore 



0, 



(2.31) 

(2.32) 
(2.33) 



Moreover, for all h e D{A) such that h = 

('^''^'")o.,^^(^'-)o.' (2-34) 
and by the uniform boundedness in (2.13), for all h G D{A) such that ft- = 0, we have 

(/^'-'")o 0- (2-35) 

So that for all h G D{A) such that h — 0, we have 

(ft,j.)o^=0. (2.36) 

Since is a probability measure, we deduce that (2.36) holds in fact for any h e C{Ot) such that 
h = 0. The hypothesis of Lemma 2.1 are satisfied, and we can conclude that the measure v is null. 
This is a contradiction since is a probability measure. Then the sequence ^^{Ot) is bounded 
uniformly for A: € N, and the constant Mr in (2.30) fulfills (2.16). 

□ 

2.4 Convergence of the semigroup 

First we state the following result which is a corollary of Theorem 2.1. 

Corollary 2.1 Let c> 0. 

i) There exists a continuous process {X{t^x),t > 0, x € K (1 He) with X{0, x) = x and a set Kq 
dense in K C\ He, such that for all x e ifo there exists a unique strong solution of equation 
(0.3) given by ((X(t, a:)),>o , r^M^) . 

a) The law of {X{t,x)t>o,r]^) is a regular conditional distribution of the law of (^Xc^vj given 
Xc{0) ^xe KnHc. 

Proof : By Theorem 2.1, we have a stationary strong solution Xc in He, such that W and Xc{0) 

are independent. Conditioning (^Xc,r]^ on the value of Xc(0) = x, with c = x, we obtain for 

z^c-almost every x a strong solution that we denote {X{t, x),rf) for alH > and for all x € KDHc. 
This process is the desired process. Indeed, since the support of is K n H^, we have a strong 
solution for a dense set Kg in K f] He. 

Notice that all processes {X{t,x))^yf^ with x £ Kq are driven by the same noise W and are 
continuous with values in H. Arguing as in the proof of Lemma 2.1 we see that for all x, y e Xq, 
for all t > 0: 

\\Xit,x)-X{t,y)\U<\\x-y\\.i. 
Then by density, we obtain a continuous process {X{t, x))^^q in He for all x G A' n He- 

□ 

We want to prove that for any deterministic initial condition a; G K H He where c > 0, there 
exists a strong solution of equation (0.3), necessarily unique and that the process X constructed in 
Corollary 2.1 is a realization of such solution. We have proved this result only for a; in a dense set 
Kq, but thanks to the convergence of the transition semigroup P"''=, we will be able to conclude. 
First we prove that the transition semigroup converges on KCi He- This result is explained by the 
following proposition : 

Proposition 2.3 Let c > 0, for all (f> G Cb{H) and x £ K (1 He-' 

lim Pl'^'c^ix) = n<P{X{t, x))] =: P,'cp{x). (2.37) 

n — *+oc 

Moreover the Markov process {X{t, x),t > 0, x G K n He) is strong Feller and its transition semi- 
group is such that: 

\P^(t){x) - Pt(t){y)\ < -^^l^lla; - y\\H, for all x,y e Kr\He,for all t > 0. (2.38) 



Proof : By proposition 2.1 X" is strong Feller on He and for all (f> ■ He 
we have : 



bounded and Borel 



Vt 



\x — y\\H, for all x,y e K Ci He, for all t > 0. 



(2.39) 



Since (i'")„>i is tight in H^ then there exists an increasive sequence of compact sets ( J^)pgN in 
H such that: 

lim supi/;'(iJ\ JJ') = 0. (2.40) 

Set J := U J^nK. Since the support of Vc is in KDHc and i'c(J) = 1, then J is dense in KnHc. 
Fix i > 0, by (2.39), for any e ^(i?) : 



supdjPt"''''/ 



+ [-Pr''''/']L»p(H.)) < +00- 



(2.41) 



Let (nj)jgN be any sequence in N. With a diagonal procedure, by Arzela-Ascoli Theorem, there 
exists (nji);gN a subsequence and a function 0^ : J ^ R such that: 



lim sup \Pf. 



(x) - et{x)\ = 0, forallpeN. 



(2.42) 



By density, 9t can be extended uniquely to a bounded Lipschitz function 6t on K n He such that 

Qt{x) = lim P"'''V(2;), for all x e K n H^. (2.43) 

/ — ^+oo 

Note that the subsequence depends on t. Therefore, we have to prove that the limit defines a 
semigroup and does not depend on the chosen subsequence. 
By the theorem 2.1, we have for all 0, i/' G Cb{H) : 



lim E 



lim / t^{y)E U (Xe'' [t)) XV' (0) = yl vV' [dy) 

+°° J H I \ / J 



lim 

I — ^+oo 



^{y)P':'^''^{y)u:^^ {dy) 



H 



■4^{y)^t{y)vc{dy). 



H 



Thus, by Corollary 2.1, we have the following equality: 

E [(j) {X{t, x))] — 8t(x), for i^c-almost every x. 



(2.44) 



Since ¥\4>{X{t, .))] and Qt are continuous on K C\ He, and VciK f] He) = 1, the equality (2.44) is 
true for all x G K f] He- Moreover the limit does not depend on the chosen subsequence, and we 
obtain (2.37). Since the semigroups are equi-Lipschitz, we deduce (2.38). 



□ 



2.5 Existence of solutions 

We have proved that there exists a continous process X which is a strong solution of equation (0.3) 
for an a; in a dense space. In this section, we prove existence for an initial condition in K f] He 
with c > 0. 

Theorem 2.2 Let be a K-valued random value with ^ > almost surely and (^, W) independent, 
then there exists a continuous process denoted {X{t,^))t>o and a measure 77'' such that: 

(a) [{Xit,0)t>o :V^7^]'is the unique strong solution of (0.3) with X(0,^) = ^ almost surely. 



(b) The Markov process {X{t,x),t > 0, x G K He) is continous and has P*^ for transition 
semigroup which is strong Feller on He. 

(c) For all c > 0, x e K n He and Q = < ti < ■ ■ ■ < tm, {X{ti,x),i — 1, . . . ,n) is the limit in 
distribution of {X"'{ti,x))i=i^...^m- 

(d) If S, has distribution Vc with c > 0, then {X{t,S^))^y^^ is equal in distribution to (^Xc{t)^ 

Proof : By Corollary 2.1 we have a process {X{t, x),t > 0,x £ KCiHc), such that for all a; in a set 
Kq dense in Kn He we have a strong solution (^{X{t, x))^yi^ ,rf , of (0.3) with initial condition 
X. By proposition 2.3, we have that the Markov process X has transition semigroup Pc on He. 
The strong Feller property of P'^ implies that for all x £ K Ci He and s > the law of X{s,x) 
is absolutely continous with respect to the invariant measure Ve. Indeed, if VeiX) = 0, then 
VeiPsi^r)) = f^c(r) = 0. So P^{tT){x) = for I'c-almost every x and by continuity for all 

xe Kr\He. 

Therefore almost surely X{s,x) G Kq for all s > and x £ K Ci He. Fix s > 0, denote for all 
0G [0,1]: 

X -.= 1^ X{t + s, x),W{-, 6):=t^ W{t + s, 6) - W{s, 9)), 
and the measure fj^ such that for all T > 0, and for all h £ C{Ot). 




h{t~ s,9)T]^dt,d0) 



So we have a process X £ C([0, T]; H)r\C{OT) and a mesure f]^ on Ot which is finite on [S, T] x [0, 1] 

for all S > 0, such that (^{X{t^ x))t>o,'n^ is a strong solution of (0.3) with initial condition 

X{s,x). By continuity X{s,x) ^ a; in if as s ^ 0, so {{X{t,x))t>o,ri'^ ,W) is a strong solution of 
(0.3) with initial condition x in the sense of the definition 2.1. 
Thanks to the previous results, (b), (c) and (d) are obvious. 

□ 



3 Reflection and Revuz measures 



We have proved the existence of solution to (0.3) with a reflection measure. In [37], L. Zambotti 
uses an integration by parts formula to prove that, in some cases, the reflection measure vanishes. 
Moreover, L. Zambotti proves that, in some other cases, the reflection measure does not vanish. He 
uses the theory of the Continuous Additive Functionnals described in [20]. We adapt his arguments 
and prove similar results for our case. 



3.1 Integration by parts formula 

For all (j) e Cl{Hc) we denote by the directional derivative of (j) along h <E H: 

dh4> '■ X lira -{(f>{x + th) — (j){x)), x £ H. 
For all e Cl{H), we have: 

{V<j){x),h) ^dh(l){x). 

We have the following classical result (see [16] for details): We denote by (M, M) two indepedant 
copies of the standard Brownian meander (see [32] and [17]), and we set for all r £ (0, 1): 



, 9e[0,r], 

Ur{e):={ ^ X (3.1) 



The starting point is the Theorem 7.1 in [IG] where the following formula has been proved for a 
process Y whose the law is yU. 

Theorem 3.1 For all $ in Cl{H,M.) and h e D{A): 

E[dh^Y)lYeK] = -K[{{Y,Ah) -Y-h)<i>{Y)lYeK] (3.2) 



h{r) , 3^^^ E [$(Z^.)e-(V^)(^.0- 
y 27r'^r(l — r) l 



dr. 



We denote by : [0, 1] the continuous version of the density oiUr- By conditioning on 

F = c, we obtain: 

E[dTVhHY,)tY^^K] = -n{Yc,Ah)^Y,)tY^eK\ (3.3) 

_ [ i[h{r)—%^==E [^{Ur)\Ur = c] dr, 
Jo 7r^r(l-r) 

where Yc has been deflned in the section 1. Moreover, notice that we have the following classical 
and easy to prove integration by parts formula for the measures {v")neN- For all $ in Cl{H) and 
h £ D{A): 

dnh<^di^c=- f {x,Ah)^{x)i^l^{dx)- f Ilh{r) f ^{x)r{x{r))i^^{dx)dr. (3.4) 

H JH JO JH 

We deflne 7" : x i-^ exp(— [/"(x)) for all x £ H, where is the constant of normaHzation 
deflned in (1.12). Then 7" £ Cl{H) and for all x,h£ K: 

(V7"(x),/i) =7"(a;)(Vlog7"(x),/i) =7"(x) f\{0)r{x{e))dd. (3.5) 

Jo 

Let (j) be in Cl{H). We use (3.3), with $ = • 7". So we obtain: 

duh{^ ■ 1") dfi, = - [ {x,Ah)c^{xh"{x)l^eKl^c{dx) (3.6) 

H JH 

, ' Uhjr) ^;^^^ =IE [cf>{Ur)ni^r)\Ur = c] dr. 
7rA/r(l - r) 



We compute the derivative of the product, and obtain: 

J^idnh^) ■ r dfi, = + (Vlog7"(x),n/i)),/)(a;)7"(x)l,eK/.e(dx) (3.7) 



nh{r) 



7r-\/ r(l — r) 



E[(j){Urh"'{Ur)\Ur ^ c] dr. 



We want to let n go to infinity. We have to study the convergence of all the terms. 
By section 2.2, the left-hand side converges to: 



{diih4>)dvc 



H 



Denote now by /" the following term: 



[(t>{Urh"iKr)\Hr = c] 



7r-\/r(l — r) 

Since converges, there exists C such that for all r e (0, 1): 



I/" I < C- 



jn 



where J" is defined by: 



J" := E 



cxp 



F''{Ur{0))d9 



In the logarithmic case and in the negative a-power case, as in section 2.2 and by dominated 
convergence, we have for all r g (0, 1): 



lim J," 

n — > + oo 



cxp 



F{Ur{e))de 



(31 



Therefore, in the logarithmic case and in the negative a-power case for a > 1, since |J"| < 1, by 
dominated convergence, the last term in (3.7) has a limit when n grows to infinity. 
In the negative a-power case for a < 1, since 



cxp 



F^{Urmd9 



by dominated convergence, the last term in (3.7) has a limit when n grows to infinity. 
Moreover, if a > 3, by the law of the iterated logarithm, almost surely and for all r G (0, 1): 



m0)r~' 



Thus, in this case 



lim = 0, 



(3.9) 



and, by dominated convergence, the last term in (3.7) converges to 0. 

Now we use the representation described in [16] in order to prove the convergence of the first term 
in the right-hand side of (3.7). Denote by S*" the following 



i{x,Ah) + {VlogY\x),ILh))<Pix)Y\x)l^eK^lcidx) 



H 



(3.10) 



= -E[{{Y,,Ah) + (Vlog7"(ye),m))</)(F,)7"(F,)ly^eK] 
We use the following Theorem whose proof is in Appendix A in [16]. 



Theorem 3.2 For all * : C([0, 1 

E[4'(y)] = 



hounded and Borel 
ll ( \, :^.o 3 



3 ^ V 2 
E[*(2/ + B)p(2/ + B)]dy, 



8^ 



exp(-|y^) 



dy 



(3.11) 



where we set p : C([0, 1]) 



1 



cxp u 
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1 



Thanks to this Theorem, we can write: 

5" = - f E\{{y + B,Ah) + {VlogY\y + B),Ilh)) 



X(f>iy + B)7"(y + B)p{y + B)ly+BeA' B = c - yj rfy 

We set Vr = — \/ri\/(l) +Ur. Notice that Vr is at time 0, then run backwards the path of M on 
[0, r] and then runs the path of M on ]r, 1]. Almost surely since M > on ]0, 1], then Vr attains 
the minimum —^/rAI{l) only at time r. Let {t,M,M) be an independent triple, such that r has 
the arcsine law, then Vr has the same law as B (see [17]). We can write: 



S" 



1 



7r^r(l - r) 



E 



{y + Vr,Ah) + {f[-+y + Vr],Ilh 



x0(y + Vrh { - + V + Vr] piy + V,.)l.y+v. 



Vr =c-y 



dy dr 



■n^ r(l — r) 



E 



(z - - + v^, ^/i) + (/ (z + v^) , n/i) 



x0(z- i + V,r)7(z + Vr)p(2;- - + Vr)l3_i+v 



Vr ^ c — z A 

n 



dz dr. 



Now we use the proposition 3.3 which is stated in the next section 3.3. Thus, we can used Fatou 
Lemma to prove that for all h £ D{A): 

, ]^ , [(/(^ + v.), n/i) II0IIOO7 + V.) l.+v.e/f] 
■KyJryV — r) 

is integrable on 17 x M x [0, 1]. Thus, we can used the dominated convergence Theorem to see: 

1 



lim S'- 

n— »+oc 



E 



/o 7r^r(l - r) 

Y.(\){z + Vr)7 {Z + Vr) p{z + Vr)tz+v^(^K 



({z + Vr,Ah) + (^f(z + Vr),Ilhy) 
Vr — C — Z 



dz dr 



= - / E 



({z + Vr,Ah) + {f{z + Vr).nh)'^ 
X(I){Z + Vr)l {Z + Vr) P{Z + Vr)t^+V^^K^r = C - Z^^dz (^'l^) 

-E [[{Y,Ah) + (/(y),n/i))(/)(y)7(y)iyeA'|F = c 



= -E Ah) + {f{Y), nh) ) 0(y,)7 (y,) i 



;x,A/i) + (/(x),m) U(x)z/,(dx) 



For all r e (0, 1), denote SJ; such that: 



1 



thus we have the following Theorem: 

Theorem 3.3 For all (j) in Cl{H) and h £ D{A): 



(Ur e dLu\Ur = c) 



(3.13) 



dnh(f>ix)txeKVcidx) 



H 



{x,Ah) + (/(x-),n/i) )(l){x)vc{dx 



Iih{r) i (/)7dl]^ dr. 



(3.14) 



Moreover, for a > 3, the last term vanishes. 



3.2 Dirichlet forms 



We now describe the Dirichlet Forms and the resolvent associated to X", in order to obtain the 
Dirichlet Forms and the resolvent associated to X^. The first result is the following description of 
the generator of Z. Let ipu '■ x ^ exp(i(a;, h)-i) for x € He and h € D{A?), then the generator of 
Z is such that 



LMx) ■■= -nMz{t,x))] 

dt 



t=o 2 

We define for all 4> G Cb{Hc) the resolvent of X" on He 



^Mx){^iA''h,x)^l + \\Ilh\W 



R^cj^ix) 



,-AtTI 



^{X^it,x)) 



dt, X e He, A > 0. 



(3.15) 



We define Expa{Hc) C Cb{Hc) as the linear span of {cos{{h, •)); sin{{h, •)), h € D{A'^)}. Then we 
define the symmetric bilinear form: 

£"'"((/>,?/') ■=l [ {-A\7(j),\7^lj)du'l, for all Expa{H). (3.16) 

The following result is standard. 

Proposition 3.1 Expa{Hc)) is closable inL'^{i'e): we denote by {£"■''', D{£"-''')) the closure. 

£)(£"''=) and: 



(i?^''^)A>o is the resolvent associated with £^'^ , that is, for all X > and tp G L^(i/"), i?"'^?/' G 



H 



^P(t) diy^, for all € !?(£"■'=). 



H 



Let iph '■ X 1-^ exp(i(x, /i)) for x £ He and /i G Z)(A^). By Ito formula 

dt t=o 2 

After an easy computation, we have (L" , ExpA{He)) is symmetric in Lp'{i'e) and: 

/ L"<j)i' di^^ = [ {-A\/(l),\/^)du'^, foi all e ExpA{He). 
Moreover we define for all (j) G Cb{He) the resolvent of Xe on K C\ He'. 



Rim 



cl>(Xe{t,x)^ 



dt, X G KnHe,\>0. 



(3.17) 



(3.18) 



(3.19) 



(3.20) 



We also define the symmetric bilinear form: 

^'(0, V^) ■■=1 f {-AV<i>,Vi:)du„ for all 0, V £ Cl{H). (3.21) 

Proceeding as in the proposition 8.1 in [16], we can prove that for all 0, V' ^ Cl{Hc), 

£'^{(f>,ip) and R^''^4> i?^(/> uniformly as n grows to infinity. Let V G Cb{Hc), we can write for all 

heD{A^): 



^dphdv, = lim / ^dpudv-"^^ lim / RY^{\dph - L"^h)dv^ 



(3.22) 



Rli:{\cj>h-Lc^h)dyc-l: lim / i?^"V(^)0/.(a:)(r(x), 



Then, with the proposition 3.3 below: 

tp(f>hdi^c = / Rl^iMh- L^dvc-l- I R'i^p{x)(t)h{x){f{x),Wh)dvc 



4 / Uh{r) [ Rl^JcPhl dS^ dr 

^ Jo J H 



(3.23) 



A / Rl^ct^hduc- 7^ RliP(f>h{Ah,x)diy,^ + - Rl^/j<l)h\\nh\\lidi^^ 

J H ^ Jh ^ JH 



Rli:{x)^H{x){f{x),nh)du^ 

^ JH ^ 

Thanks to the integration by parts formula applied to R^^cph , we have 



J / Iih{r) I RlUhl dY.l dr. 

^ JO JH 



Uhduc = A / RlUhduc + £"{R'i4'. M- (3.24) 

H JH 

By linearity and by density, we obtain for all A > and t/^ G Cb{H): 

A / Rl^/jcf) di^c + S'iR'xi', (f>)= I ^(f> duc, for all (f)&V, (3.25) 

J H JH 

where we denote V := {Rx4>, 4> G Cb{Hc), A > 0}. We use classical results from [20], and obtain the 
following proposition: 

Proposition 3.2 Let c > 0. 

i) {S'^ , Expa{Hc)) is dosahle in LF'[vc): we denote by {£^',D{£'^)) the closure. 

a) {S"^, D{£'^)) is a symmetric Dirichlet form such that Lip{Hc) C D{£^) and £'^{(t>, (t>) < l<Mi,ip(j?c) ■ 

Hi) {RDxyo is the resolvent associated with £^ , that is, for all X > and tp G LF'{vc), Rifp € D{£'^) 

and: 



X Rli'ct) diyc + £'iRliJj,(t)) ^ / ip(l)diyc, for all cj) <E D{£''). (3.26) 

JH JH 

iv) (P/^)t>o is the semigroup associated with {£'^,D{£'^)). 

3.3 Total mass of the reflection measure 

We now state and prove the proposition 3.3 used above. 
Proposition 3.3 For all (f> G Cb{Hc), for all h G D{A): 

(r(a;),/i>0(x)7"(x)/ic(da;) (3.27) 

H 

has a limit when n grows to infinity. 

Moreover for all < 5 < s < t < T , E [r]{Os,t)] < +oo. 



Proof : Denote cr"^ the measure such that for all r e [0, 1], for all c > 0: 

a^Adx) :=r {x{r))^-{x)^i,{dx) 

It suffices to prove that: 

1-1 n 

' " ' < +00. 



lim sup 

n — ^+oc 



JH 



By symetry, it suffices to prove convergence of 

nl/2 



< +00. 



(3.28) 



(3.29) 



10 JH 

The idea is to study an integration by parts formula for the law of Yc on the path space 

K := {h e C{[0,l]),h{e) > for all 9 G [0,1/2]}. 

The crucial tool is that, on this space, the processes that we consider have no more fixed mean, 
and we can have an integration by parts formula without the constraint of zero mean. We set for 
all r G (0,1/2): 



%{9) 



-r]M 



G [0,r], 
(e]r,l/2]. 



Moreover we set 
andforueC([0, 1/2]) 



,1/2 



{u{e)+u{l/2))d9. 

The starting point is the Lemma B.l in [16] where the following formulae have been proved. 
Lemma 3.1 For all * : C([0, 1/2]) R bounded and Borel: 



E [*(!;)] = V32 E 



^(b + B) cxp -12(m(6 + B) - c) 



2 , 

8 



[*(y + B)p(y + B)]dy, 

Jm 

where we set p : C([0, 1/2]) M, 

/12" 

p{u) y — exp (— 12(TO(it) — c)^) . 
Moreover, for all c> and $ £ Cb^(L^(0, 1/2)); 

$(r,)e-i2('"(^-)--)' 



(3.30) 
(3.31) 



(3.32) 



1/2 



12 



V 7rV^(l/2-?-) 



dr. 



We have writen ^{Yc) for $(Yc|[o 1/2]) with a sHght abuse of notation. We set now for n > 1, 
rG (0,1/2): 

/■1/2 

C/"(x) := / F''{x{e))de, xeL^{0,l). 



We define 7" : a; exp(-f/"(a;)) for all xe H. Then 7" G (^-"(0, 1/2)) and for all x,heK: 



1/2 

{vr{x),h) = rix){viogr{x),h) = rix) i h{9)r{xmde 



(3.33) 



Moreover we define for n > 1, r e (0, 1/2) and * G Cl{L^{0, 1/2)): 

f;p-=(5f) — F. [^'(r^)7"(r^)e-i2(m(r.)-c)=^ 



/ 7rV^(l/2-?-) 

Let </) be in Cl{L^{0, 1/2)). We use (3.32), with $ = 7". So we obtain: 



H 



dxi^ ■ 7")1a-c«Mc = E [24 (?7i(i;) - c) 0(ye)7"(i"c)ly^ 



1/2 



|]';'"(0)dr. (3.34) 



We compute the derivative of the product, and take </) = 1, then we obtain: 



E[(Vlog7"(x),x)7"(>^c)ly,eK] 
Define now for 77, > 1, ?- e (0, 1/2): 

U{x) :: 



[24 (TO(r,)-c)7"(y,)l 



1/2 



S;!^=(l)dr. (3.35) 



1/2 



F{x{0))d0, xe 2.2(0,1). 



We also define 7 : a; 1— *■ exp(— f7(x)) for all x <E H . Moreover we define for n > 1, r G (0, 1/2) and 
*GC1(L2(o,1/2)): 



12 



*(r,)7(r,)e-i2(™(r.)-c)= 



/ 7rV?'(l/2-0 

Finally, we denote 0-"^, the measure such that for all r G [0, 1], for all c > 0: 

<?,;'.,(da;) ■.^r (x{r))T{x)p.,{dx) 
We easily prove the following result: 
Lemma 3.2 For all c > 0; 



lim 

71 — > + 00 



1/2 



1/2 



[24(m(y,)-c)7(i;0l^^g^] - 

/O "'H 

Moreover, for a > 3 the last term vanishes. 
We set now for n > 1: 

r-l 

F'^{x{e))dd = C/"(x) - i7"(x), .T G L2(0, 1) 

1/2 



K{l)dr. 



U' [x) 



We also define 7"" : x ^ exp(— C7' (x)) for all x <E H. 

We notice now that we can compute explicitly the conditional distribution of given (yc(^),^ € 
[0, 1/2]). Indeed, we have for all u G C([0, 1/2]) and * G Cf,(i2(0, 1)) 



where 
B{c,u) 
Then we have: 

nl/2 



E [^'(rjlyc = « on [0, 1/2]] = E[*(B(c, u))], 



1/2 



e [0,1/2], 



i(l/2) + B(,_i/2- 12(1/2 -0)(e'- 1/2) / B(r)dr + m(u)-c , 6Ig]1/2,1 



"'H 



^'dcr"c dr = 



1/2 



E 



c Jff Jo 



* X /" X 7^" (S(c,u)) 7"(u)Aic(dw) dr 



1 
1 



'h Jo 

i/s 

E 



1/2 

] 

1/2 



* X 7'" (^B(c,u)jJ r(u(r))7"(w)Aic(d") dr, 
*X7'" (b(c,u))] CT;?^,(du). 



Arguing as in the proof of section 2.2, it is easy to conclude that the limit exists, which proves 
(3.29) and (3.27). 

Recall is the limit of drj" := f''{Xj!{t,e))dtd6 - f{Xc{t,e))dtde. We just proved that for all 



5< s<t<T 



E[7?(Os,f)] < liminfE[r;"(0,,t)] 



n — ' + 00 



< liminfE 

n — > + oo 



r{x2iu,0))du d0 



< lim inf 

n — > + oo 



H Jo 



r{x{d))du de-i''{x)^ic{dx) 
(< — s)Hminf / / dal^ ^ dr 



< +00. 

Thus the total mass of Os,t for the reflection measure rj has a flnite expectation. 



(3.36) 



□ 



3.4 Reflection and Revuz measures 



Theorem 3.4 For all c> 0, for all x G K D H^: 

i) For a > 3, the reflection measure rf of the strong solution {{X{t,x))t>o,rf ,W) vanishes. 

a) For a < 3, the reflection measure if of the strong solution {{X{t,x))t>o,rf ,W) does not 

vanishes. 

Proof : Let c > 0, a; € if n He, and a > 3. We take the expectation of equation (0.3) for the 
stationnary solution. We obtain for all < (5 < s < t < T, for all h S D{A?): 



E 



X,{u),A^h)du+ / {Ah{d)J{X,{u)))du + {Ah,ij)^^^ 



= 0. 



(3.37) 



Thanks to Proposition 3.3, the expectation of each term of (3.37) is finite. So let k g D{A) 
with fc = 0, taking h S D(A^) such that k = Ah as a test function in (3.37), we obtain for all 

< (5 < s < i < T, for all fc e D{A): 



E 



(nfc,77), 



We use (3.14) with 



= -E y {Xc{u),Ak)du + J (nk{e)j{Xciu)))du 
= {s-t)E [{Xc{0), Ak) + {nk{e),f{xM}) 

= (s-t) f ({x,Ak) + {f{x),Uk)y,{dx). 
1, and prove that for all k e D{A), for all < S < s < t < T 



E 



0. 



(3.38) 



Now, as in Lemma 2.1, 77 (X) P can be decomposed as 77 (g) P = F d^, where F is a measure on 
[0, T] X n, so we obtain that for all < (5 < s < i < T, for all A d fl: 



= E 



Xc{u){e)de)tA dT{u,.) = c X T{[s,t],A). 



Since c> 0, we conclude that for all < 5 < s < i < T, for all A C n, F([s, t],A) = 0. Thus 77 P 
is the null measure. Since 77 is a positive measure, we obtain that 77 is the null measure almost 
surely. Since the law of {X{t, x)t>o,r]^) is a regular conditional distribution of the law of (^Xcvj 

given Xc{0) = x <E K C\ He, we have proved i) in the Theorem 3.4. 

We consider now the logarithmic case and the negative a-power case for a < 3. 



Proposition 3.4 The process {Xc{t, x), t > 0, a; G HcHK} is a continuous Hunt process on K with 
infinite life-time and strong Markov, properly associated with the Dirichlet Form E'^ . In particular, 
E'^ is quasi-regular. 

The last assertion is a consequence of Theorem IV. 5.1 in [26], which describes the necessity of quasi 
regularity of a Dirichlet Form associated with a Markov process. We now recall the definitions of 
the theory of Additive Functional of a Markov process (see [20]). Consider {Yc{t,x),t > 0,x G 
He n K} a Hunt process with infinite life-time and strong Markov, properly associated with the 
Dirichlet Form E'^ . We first describe the minimum admissible filtration and the minimum completed 
admissible filtration. We set: 

= [0,+(^)}, 
T'^ = a{Yc{s),0 <s<t}, for all < t < +oo. 

These filtrations are called the minimum admissible filtrations. We define E := C([0, T],ffc), and 
denote by P^; the law oi t ^ Yc{t,x) on the filtered space {E.J^l^) for all X e H^nK. We also 
define V the set of all probability measures on H^ Ci K D C{[0,1]). For all m S V, we define the 
probability measure: 



A ^ ¥^{A)m{dx). 
J H^nKnCilo.i]) 

We then denote by .F™ (respectively J^™) the completion of (respectively the completion of 
in J^) with respect to Pm. Finally we set 

^oo = n f] all < f < +00. 

mev mev 

These filtrations are the minimum completed admissible filtrations. It is now possible to define 
the Additive Functionals for the Markov process Yc. To avoid useless definitions, we just recall the 
definition of a continuous additive functional (CAF in abreviation) in the strict sense of Yc. 

Definition 3.1 A family of real valued functions A := {At)t>o is called a continuous additive 
functionnal in the strict sense of Yc if it satisfies the following conditions: 

(a) At is Tt- adapted for all t > 0. 

(h) There exists A e Too with ¥cc{A) = 1, for all x e HcDKn C([0, 1]), such that 9tiA) C A for 
all t > 0, for all uj <E A, t ^ At{ijj) is continuous, Aii{uj) = and for all t,s > 0; 

At+siuj) = As{uj) + At{9sLu), 

where (0s)s>o is the time-translation semigroup on E. 

Moreover, by a positive continuous additive functional (PCAF in abreviation) in the strict sense 
ofYc, we mean a CAF in the strict sense ofYc such that: 

(c) For all uj <E A,t ^ At{ijj) is non- decreasing. 

If ^ is a linear combination of PCAFs in the strict sense of Yc , the Revuz-measure of .4 is a Borel 
signed measure m on K such that for all <&, 4* G Cb{Hc): 



$(a;) E 



-He 



cxp{-t)^{Yc{t,x))dAt 



Vc{dx) = 



Ha 



+ 00 



cxp{-t)^{Ycit,x))dt 



{x)m(dx) . 



Notice that there exists a correspondence between Revuz-measures and PCAF. We refer to Chapter 
5 in [20] and Chapter VI in [26] for all basic definitions and details. In particular the definition of 
a martingale additive functional (MAF in abreviation), the notion of the energy of an AF, and the 
quasi-sets. 



Xc does not satisfy suitable properties to compute Revuz-measures of PCAFs in the strict sense of 
Xc. Thus we will use a family of process {Y^)s>o such that: 

x) = Xc(t + (5, a-), for all x e H^n K, for all t > 0, for all 6 > 0. 

Set S > 0. Let fc e D{A^), set h £ D{A) such that Ak = h and set V : n X i-^ V(x) := (x, A:). 
Since the Dirichlet form {£c, D{£c)) is quasi-regular, we can apply the Fukushima decomposition 
(see Theorem VI.2.5 in [26]). We state that there exists a MAF of finite energy M^^l and a CAP 
of zero energy N^"^^ such that for ^'^-quasi every x: 



V(r/(i, x)) - V(y/(0, x)) = m|^1 + nI'^\ t > O, - a.s, 



(3.39) 



with obvious notations for Vi. Afl^l and TVl^l can be extended to CAP and MAP in the strict 
sense of Xc, which we still denote and such that is a Pa; -martingale and (3.39) 

holds for all x G HcC) K. We have he following expression: 

1 /■* 

- / (Bh, dW) = Afi^' (y/(-, a;)), for alH > 0, a: € K, almost surely. 

2 Js 

Moreover is a linear combination of PCAPs in the strict sense of y/ such that for alH > 0, 
X € K, almost surely: 

i [\{Xc{s,x),Ah) + {,f{Xc{s,x),nh))ds + l- [\h{e)Tj-{[6,t],d9) = nI''\y^'{;x)) 



and its Revuz measure is: 
1 



2 ((z, Ah) + {f{z), m)) vc{dz) + -J^ Ilh{r)dr 7 dE^ 
To prove the last assertion, it suffices to remark that for all <J>, 5* e Cb{Hc): 



(3.40) 



$(.t) E 

Ha 

^(x) E 



cxp{-t)'^{Yc\t,x))dN^ 



[V] 



Vc{.dx) 



Ha 



exp(-t)$(y/(i))dt 



uo 



(x, Ah) + {f{x), nh) + / Ilh{r)dr 7 dE^ ly^dx). 



Using the same arguments, we remark that there exists a CAP in the strict sense of F/ whose 
Revuz-measure is 



1 



i{z,Ah) + {f{z),nh))iycidz). 



(3.41) 



Since Xc is a solution of the equation (0.3) in the sense of Definition 2.1, we obtain that there 
exists a linear combination of PCAPs in the strict sense of Xc such that: 

1 

- / nh{0)ri''{[S,t],d9) = 4^'(r/(-,x)), for alH > 0,a; e K, almost surely, 
2 Jo 



and its Revuz-measure is: 



2 7o 



Uh{r)dr 7 dE^. 



Pinally, we have the following equality: 



(3.42) 



/ E / cxp(-i) / Uh{e)7f{6 + dt,d9) 
Jh Uo Jo 



Vc{dx) = 



Jh 



n/i(r)7(iE^ dr. 



(3.43) 



And the refiection measure if cannot be identically equal to zero. 
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